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Using Bifurcation Methods to Aid Nonlinear Dynamic
Inversion Control Law Design

D. M. Littleboy* and P. R. Smith!
Defence Evaluation and Research Agency, Bedford, England MK41 6AE, United Kingdom

The use of bifurcation analysis as an aid to nonlinear control law design and analysis is demonstrated by
application to a hypothetical, high-angle-of-attack combat aircraft. Bifurcation analysis determines the equilibrium
flight conditions of the unaugmented aircraft as a function of the elevator with all lateral controls set at zero. These
results are used to identify instabilities that cause aircraft departure into spin regions. The removal of these
departures, and hence the onset of spins, is achieved using a nonlinear dynamic inversion-based control law until
the lateral control surfaces saturate, thus extending the stable, decoupled flight envelope. The work illustrates
how bifurcation analysis may be used to formulate control law specifications for an unaugmented aircraft and to
validate the control law by analyzing the resulting augmented aircraft model. The results also indicate the global
stabilization properties of nonlinear dynamic inversion.

Nomenclature
= wing span
nondimensional rolling moment coefficient
= nondimensional pitching moment coefficient
nondimensional yawing moment coefficient
= nondimensional side force coefficient
= nondimensional normal force coefficient
= reference chord length
height
v, Iyy, I; = moments of inertia
= product of inertia

rolling, pitching, and yawing moments
= rolling moment due to differential elevator
= rolling moment due to aileron
= mass
body axes roll, pitch, and yaw rates
= freestream dynamic pressure
= reference wing arca
= control parameter
velocity relative to the air along x, y, z axes
= total velocity
= aircraft position in space in X and Y axes

directions
= state vector
= angle of attack
= sideslip angle
= elevator deflection
differential elevator deflection
= aileron deflection
= air density
= rudder deflection
= roll, pitch, and yaw angles
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Introduction

ODERN fighter aircraft are capable of performing rapid ma-

neuvers and of flying at high-incidence angles where the dy-
namic behavior is highly nonlinear; these nonlinearities are due to
inertial or aerodynamic effects. This nonlinear dynamic behavior
makes the aircraft susceptible to departures and divergences in lon-
gitudinal and lateral motions.

Linear analysis methods give only local information and are, thus,
limited in these flight regions. Certain phenomena exist only in non-
linear systems, such as limit cycle effects and multiple solutions
occurring per degree of freedom. Therefore, effective global non-
linear analysis tools are required to enable the dynamic behavior of
an aircraft to be analyzed throughout the whole flight envelope.

Bifurcation analysis techniques have been widely used to investi-
gate the nonlinear dynamical behavior of aircraft'~'¢ since the first
high-angle-of-attack study by Mehra et al.! Since then, bifurcation
methods have been used to analyze the complex nonlinear phenom-
ena for mathematical models of the F-4 (Refs. 2—4), F-14 (Refs. 5
and 6), F-15 (Refs. 7-9), F-16 (Refs. 10 and 11), and F-18 (Ref. 12)
fighters and of the German—French Alpha-jet.!?

The majority of these studies have focused on the analysis of the
unaugmented aircraft, particularly the prediction of nonlinear phe-
nomena such as wing rock, autorotation, deep stall, and spinning
behavior. These predictions are usually validated using time simu-
lation. In some studies, the open-loop bifurcation results have been
used to determine spin recovery techniques®>!* using conventional
controls, whereas spin recovery using pitch thrust vectoring control
has also been considered.?

Only two studies”!” have analyzed the effects of representative
control augmentation systems using bifurcation methods. These
studies demonstrate the use of bifurcation methods for validating the
control law design criteria such as the effectiveness of stabilization,
command following, and angle-of-attack limiters. It is, therefore,
apparent that bifurcation analysis is a powerful tool for analyzing
the highly nonlinear characteristics of both unaugmented aircraft
models and those with control augmentation systems.

Less work has been performed in using these bifurcation results
to either design control laws or to modify existing control systems.
The design of simple aileron—rudder interconnection schemes has
been developed'-?!® to avoid unwanted dynamic characteristics or
to enhance lateral maneuvers. Jahnke and Culick® demonstrated the
use of roll rate and sideslip feedback to the ailerons to remove wing
rock and suggest the use of control deflection limiters to prevent the
aircraft from entering into known spin regions. Similarly, Planeaux
et al.”7 were able to delay the onset of wing rock using roll rate
feedback to the aileron or differential tail.

In more recent works, Liebst and DeWitt? investigated numer-
ous combinations of roll rate, angle of attack, and sideslip feedback
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to stabilator, aileron, and rudder to delay the onset of wing rock.
These feedback strategies are based on detailed sensitivity analysis
to determine which stability derivatives are dominant in wing rock.
Wang et al.!! discretized the nonlinear aircraft equations of motion
using a fourth-order Runge—Kutta scheme to enable pole placement
to achieve desired levels of response frequency and damping. Sen-
sitivity analysis was again used to develop simple, linear control
laws to feedback angle of attack and pitch rate to elevator, sideslip
and roll rate to aileron, and sideslip and yaw rate to rudder. Both
methods™!! relied on detailed stability and sensitivity analysis for
the design of the control system for a single criterion.

This study uses bifurcation analysis in the iterative design of a
nonlinear, full envelope control law to both stabilize the aircraft
and to remove the undesired nonlinear effects. This extends the
use of bifurcation methods from open-loop analysis to closed-loop
control law design and validation. It is not the aim of this paper to
again demonstrate that bifurcation analysis is an efficient method for
analyzing nonlinear aircraft dynamic behavior. Nor is it the aim to
design simple, linear control laws to satisfy a single design criterion
on a specific region of the flight envelope being analyzed.

To achieve these design goals, a nonlinear dynamic inversion-
(NDI-) based control law method is used. Much theoretical work
has been performed on the development of NDI methods and their
application to aircraft control problems.!”~?? However, the stability
properties of NDI have not yet been proven. The results in this
paper of the bifurcation analysis of an NDI control law over the
full range of control input indicate that NDI does, indeed, provide
global stability with respect to a slowly varying control parameter,
but not in the sense of robustness to external disturbances, such as
gusts, or to large, abrupt control inputs.

First, an outline of bifurcation theory is given. The unaugmented
aircraft model used for this work is then described, detailing its
nonlinear characteristics. This unaugmented aircraft model is ana-
lyzed using bifurcation methods, and these open-loop bifurcation
results are used to define control law design specifications of global
stabilization to remove the onset of spinning behavior. The NDI
control law design method is described and is then used to design
a control law to meet these design specifications. It is shown how
the augmented aircraft model remains in a trimmed, straight, and
level flight condition for a greatly extended flight envelope until the
lateral controls saturate.

Bifurcation Analysis

The dynamic characteristics of complex systems can be investi-
gated through the solution of their governing nonlinear differential
equations. This analysis is performed by calculating all of the steady
states (also known as equilibrium solutions) of the differential equa-
tions. The stability of the dynamic system at each steady-state con-
dition is determined by the local stability of the linearized system
around the steady state. A system is defined to be locally stable if
the real part of all of the linearized eigenvalues are negative. Con-
versely, the system is locally unstable if the real part of any of the
linearized eigenvalues is positive.

The steady states are continuous functions of the parameters of
the system, provided the local linearized system is regular, i.e.,
nonsingular. Stability changes are characterized by a crossing of
the imaginary axis of one or more eigenvalues between successive
steady states. These stability changes result in qualitative changes
in the system dynamics and are called bifurcations. There are many
types of bifurcation phenomena, which result in different dynamic
responses of the system. A particularly important example is the
Hopf bifurcation, which occurs when a complex-conjugate pair of
eigenvalues crosses the imaginary axis. At the exact point of cross-
ing, the complex eigenvalue has a zero real part, implying pure
oscillatory behavior. Therefore, a Hopf bifurcation indicates a point
at which limit cycle behavior starts. This periodic motion needs to
be investigated by time integration and is an extension to the basic
bifurcation analysis of steady states.

Thus, for the analysis of nonlinear aircraft models, the steady-
state solutions are calculated as continuous functions of control
surface deflections. The steady states are usually calculated for
the full authority range of a single control surface, while all other

control surfaces are held constant, resulting in a global picture of
the steady-state behavior of the aircraft. Bifurcation points indi-
cate a change in the aircraft dynamics, generally called a departure.
Example departures are jumps from a controlled stable region to
an unstable spin or to wing rock behavior. Whereas bifurcation
analysis results in a global steady-state representation of the air-
craft, it gives no information about the transient motions. There-
fore, the exact nature of the dynamic response of the aircraft fol-
lowing a bifurcation needs to be investigated through time simula-
tion.

To calculate the all of the steady states and bifurcation points of
a system, numerical continuation methods are used. Consider the
general nonlinear system of equations X = F (x, u), where x is the
state vector and u is a scalar parameter (such as one of the aircraft
control surfaces). To find the steady-state solutions, the algebraic
equation F(x, u) = 0 is solved using gradient-based methods as the
parameter u varies. The continuation to a successive equilibrium
solution is achieved by first calculating a unit tangent vector at the
current solution. The increments of the state vector and the parame-
ter along the trajectory are defined by projections of the unit tangent
vector. The next equilibrium point along the trajectory is calculated
by solving an equation in which the trajectory is parameterized by
the curve length to avoid singularity problems. Corrections are then
made to the solution until it satisfies a prescribed accuracy condi-
tion. This continuation method is based on that used in an alternative
analysis package.?

Aerodynamic Model

There is some freedom as to the fidelity of the aircraft model that
is chosen for the bifurcation analysis, provided the quantification
of the results is based on any simplifications or assumptions made.
For simulation purposes, a full six-degree-of-freedom aerodynamic
model would be governed by 12 equations of motion for the states
x=[a,B,pqrV,0,¢0,0 H X,Y]T, with a full aerodynamic
database including low-angle-of-attack effects, rotary balance data,
static tests data, etc. Such comprehensive aircraft models can be very
complex and may be computationally intensive to analyze using
numerical bifurcation methods.

However, aircraft models of high order have been successfully
analyzed,”™ " often with some simplifications made due to the na-
ture of the investigations. The 12th-order equations can be simpli-
fied to eighth order by removing the three equations for aircraft
position in space and the heading equation, the remaining states
being x = [a, B, p,q. 1. V.0, $]". The eighth-order set of equa-
tions are those usually used for the bifurcation analysis of non-
linear aircraft characteristics. Further simplifications can be made
to the eighth-order equations when spatial maneuvers with high
rates of rotation are considered. For these considerations, it is as-
sumed that velocity is constant and that gravitational effects are
negligible, thus, reducing the aircraft model to five equations of
motion for x = [, 8, p, ¢, r]7. It has been shownS that the fifth-
and eighth-order aircraft models predict very similar occurrences of
roll coupling, but that the steady-state rotation rates in a spin can be
considerably overestimated.

Aerodynamic model simplifications can also be made, such as by
using smoothing methods® on the aerodynamic data or by omitting
oscillatory and rotary balance data. Again, care is required for the
interpretation of the results because rotary balance data are needed
for the accurate modeling of the aerodynamics in a spin.f It is ap-
parent that whatever order or aerodynamic fidelity of aircraft model
is used, time simulation is inevitably required to validate theoret-
ical results because bifurcation results give no information on the
transient behavior of the aircraft.

The aerodynamic model used for these studies is called the hypo-
thetical high-incidence research model (HHIRM) and has a number
of features that lend themselves to analysis by bifurcation methods.
The aerodynamics are constructed using a generic set of nonlinear
spline function blocks, which are able to represent highly compli-
cated nonlinear aircraft characteristics, such as loss of aerodynamic
stability due to shadowing of vertical tail, loss of lateral aerody-
namic stability due to vortex breakdown, autorotation in roll and
yaw, and aerodynamic asymmetry in roll and yaw.
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The aerodynamic conditions present in high-angle-of-attack stall
and spin conditions are modeled on those that would be obtained
from static, forced oscillations and rotary balance tests. The aircraft
model has strong aerodynamic coupling between the longitudinal
and lateral motion modes due to the dependence of rotary derivatives
on elevator deflection and of moment asymmetry on angle of attack.

The aircraft model has been constructed for an F-16 style con-
figuration. The control surfaces modeled are symmetric elevator,
differential elevator, ailerons, and rudder. Figure 1 shows depen-
dencies of the aerodynamic coefficients on angle of attack. The lat-
eral coefficients are plotted for different sideslip angles in the range
—15 < B =< 15 deg, and the longitudinal coefficients are plot-
ted for different elevator angles in the range —30 < < 10 deg.
It can be seen that highly nonlinear behavior exists in the high-
incidence region. An additional benefit of this aircraft model is that
the aerodynamics are smooth, therefore, removing the need to pro-
cess the aerodynamic data and improving the speed and efficiency
of the analysis. Nonsmooth data can present problems to numeri-
cal continuation schemes, but curvatures introduced by smoothing
techniques can alter the bifurcation results.

The fifth-order set of equations are used to model the aircraft dy-
namics. The justification for using this reduced-order model is that
it is not the aim here to perform full analysis of an unaugmented air-
craft to predict the nature of highly nonlinear characteristics. Rather,
bifurcation methods are used as an aid to control law design, for
which the fifth-order aircraft model is adequate. It also reduces the
computation time for the analysis. The equations used are

pVSC,cosa

¥ = g — tan sin cos
ax=gq B(rsina + pcosa) + 2m cos B

; VS[C, cos 8 — C,sin Bsina
ﬂ:(psina—rcosa)+p [C, cosp — C.sinfp ]

2m
. Izz _ va Ixzz ( va B 1xx> Ixz
p=3-| =—=+-2lgr+{1-Z2—=)=pg
{[ ( Le Tl )7 L. )I.
GSh I, ? )}
+ C+ =cC  Q—"- o))
L ( "L )}/( LI,

qS I,—1 I
q:ﬂcm_{_—“ Xxpr+7ﬁz—(p2—r2)

I.V.V I.V.V yy

P ( Ixzz _ [y_v'“Ixx pq+(1+ IZZ—I”)&qr
Tulz I L
qgSb (I, 2
+—1—C +C | Q"
L, (1’” e Toele

which represent the fast modes of the system, namely, the longitudi-
nal short-period mode and the lateral Dutch roll and roll subsidence
modes. Note that for this aircraft model it is assumed that thrust
is equivalent to drag. The operating condition is set at a constant
velocity of 150 m/s and a constant altitude of 5000 m.

Unaugmented Aircraft Model Results

The unaugmented HHIRM has been analyzed by calculating all of
the steady states as the elevator is varied within its authority limits,
with all lateral controls set to zero. Figure 2 shows these steady
states with elevator deflection plotted against each of the aircraft
equation states: angle of attack «, sideslip angle 8, roll rate p, pitch
rate g, and yaw rate r. It should be noted that the pitch rate solutions
are not representative of full six-degree-of-freedom results due to
the fixed speed constraint and the omission of gravitational effects.

It is clear from Fig. 2 that the HHIRM has stable, decoupled
longitudinal and lateral dynamics in the range —26 < « < 26 deg
for —16 < 5 < 16 deg because the values for sideslip angle, roll
rate, and yaw rate are all zero. The results are almost linear, as
expected at low-incidence regions by inspection of the aerodynamic
coefficients in Fig. 1. In Fig. 1, for incidence angle up to o = 26 deg
with zero sideslip angle, all lateral coefficients are zero. Beyond
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a = 26 deg, nonlinear coupling effects appear in the rolling moment
coefficient for zero sideslip and in the side force and yawing moment
coefficients for nonzero sideslip.

Above this incidence angle, the steady states become unstable
due to a single real eigenvalue becoming positive. The dynamics
then represent spinning behavior indicated by a constant angle of
attack for large changes of elevator deflection with maximum lateral
characteristics of 5-deg sideslip angle, —150-deg/s roll rate, and
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—175-deg/s yaw rate. In the range 26 < o < 38 deg, there are three
spin regions, all displaying large lateral rotation rates and nonzero
sideslip angle for constant incidences. The aerodynamic asymmetry
in the aircraft model can be seen due to the asymmetric nature of
the spin branches.

In the higher angle-of-attack range 38 < o < 70 deg, the aircraft
model is mostly unstable, with small stable regions at 52 < o < 58
and 65 < o < 66 deg. At the limits of these regions, there are
Hopf bifurcations at « = 52 and o = 66 deg indicating the onset
of periodic motion in those areas. In the negative angle-of-attack
region for @ < —26 deg, the aircraft again becomes unstable and
lateral coupling appears, although with lower roll and yaw rates.
For a comprehensive analysis of the aircraft model using these re-
sults, time simulation needs to be performed to determine the exact
nature of departures, spinning behavior, and periodic motion. Par-
ticularly, transient behavior needs to be investigated to determine
postdeparture response.

Time simulation is not presented because it is not necessary to
characterize exactly the dynamic behavior for the hypothetical air-
craft inasmuch as many studies have used bifurcation analysis on
real aircraft models. Here, the undesirable nonlinear coupled ef-
fects seen in the unaugmented aircraft model results are used as
specifications for the design of a full envelope, nonlinear control
law.

Note also that it is known that there is a branch of solutions that
corresponds to roll coupling that is disconnected from the main
trim branch. This has not been displayed because the control law
is designed to prevent departures from a steady pitchup maneuver
into unstable regions, which does not guarantee the prevention of
departure due to external disturbances such as large gusts. There-
fore, the aim is to extend the stable, decoupled trim region beyond
a = 26 deg to remove the departure of the aircraft into the spin
regions.

At this stage, the results of bifurcation analysis can be used to
focus control law design on the regions most prone to departures
from normal controlled flight for any aircraft under consideration.
It would be possible to concentrate the control law effort around
the departure region using any linear method, but here a nonlinear
control law is designed for the whole region being considered.

NDI Control

To prevent departures of the aircraft model into unstable regions,
an NDI-based control law is designed. The reason for the use of NDI
is that previous control law designs, with bifurcation analysis as a
design aid, have used linear methods to concentrate on restricted
areas of the flight envelope. This can involve considerable analysis
of the aircraft dynamics in that area to determine the exact nature
of the behavior and to determine which derivatives or states are
producing the instability. Using NDI, a simple, generic nonlinear
control law can be designed for the whole region without detailed
analysis.

There has been a significant amount of work published on
the development of NDI and its application to flight control law
design.!”~?2 NDI has been shown to provide better results in com-
parison to standard, gain-scheduled linear control law design meth-
ods, particularly for poststall maneuvers. The robust stability and
performance of any nonlinear system is difficult to check, and it is
suggested!® that the robustness of NDI may be checked using lin-
earizations of the closed-loop nonlinear system along some sample
trajectory. This approach was used® to compare the robustness of
NDI to an H,/u-~synthesis formulation. The work presented here
illustrates how bifurcation methods may be used to evaluate the
stability robustness of NDI.

The NDI method described here is a simple approach, based on
algebraic manipulation of the standard aircraft equations of motion.
In theory, NDI gives a response that exactly matches the desired
response. The method is developed with respect to standard, text-
book rotational and translational equations. Therefore, the aircraft
states used here may differ from those considered in the bifurcation
analysis because this is a generic derivation of NDI. Also only the
three primary control surfaces, elevator, ailerons, and rudder, are
considered.

Consider the standard equations that define the rotational accel-
erations of a conventional symmetric aircraft with one principal
control surface for each axis,

Ixxp = (Iyy - zz)qr + Ixz(’; + PQ) + L
Lyg = I — Lrp+ L, (> = pH + M @
Izzfz(lxx_ yy)Pﬂ'f'lxz(P—ql’)-i-N

That s, the rotational accelerations are functions of the aircraft aero-
dynamics, inertias, body rates, and body accelerations. The nonlin-
ear aecrodynamic equations that give rise to the moments, L, M, and
N, are a function of the state variables and aerodynamic derivatives
and the control deflections and control derivatives and are given by

L=Lyw+L,p+L;r+ L&+ L.
M =Muu+Mu)w +Mww+qu+Mylﬂ (3)
N=Nuy+N,p+N,r+ N&+N.¢c

Equations (2) and (3) can be manipulated to provide directly decou-
pled control of the rotational accelerations. First, define

F=Lyuwv+L,p+L,r
A=Mu+ M,w+ Myw+ Mg 4)
Q=Nyv+N,p+ N,r
Equation (3) can then be re-expressed as

L=T+ L+ L.g, M=A+Mn
4
N=Q+ N+ Ncg

Equation (5) is substituted into Eq. (2) to give
Ixxp = (Iyy - Izz)qr + Ixz("' + pQ) +T+ LE§ + ng

Iyyq = (I, — L)rp + Ixz(rz - Pz) + A+ Mnn (6)

Izz’; = Iy — Iyy)pq + Ixz(f) - qr) +Q+ N§§ +N§§
Equation (6) is now used to develop the control of the body axis
rates. If there is a sensor for ¢ and 7, indicated by a subscript s, then
from Eq. (6)

Lygs = Iy — L)rp + Lo P — pY+ A+ My, (D)

Similarly, introduce a demand d, then

I)’yqd = (Izz - lxx)rp + Ixz(r'2 - PZ) + A+ Mnnd (8)

Subtracting Eq. (7) from Eq. (8) gives
Na = (qd - q.s')(lyy/Mﬂ) + s (9)

Thus, provided rotational acceleration and control surface position
can be measured, a demanded pitch acceleration can be met, pro-
vided pitch inertia and control surface effectiveness are known. The
roll and yaw equations in Eq. (6) can be manipulated in a similar
manner to that for the pitch axis, except that three assumptions need
to be made.

1) The cross product of the inertia term is small.

2) Rolling moment due to the rudder, L, is small in comparison
to the rolling moment due to the aileron.

3) Yawing moment due to the aileron, N, is small in comparison
to the yawing moment due to the rudder.
Resulting equations similar to that for pitch [Eq. (9)] are then

&1 = (Ppa — Ps)Lux/Lg) + &,
(10)
S = (g — fx)(lzz/Ng) + G
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The expressions in Egs. (9) and (10) are implemented using a
simple first-order response for the body rate accelerations. For the
pitch axis, this is

Ga = (qa — 95)Qow (1

where gy, is the bandwidth for the response. Thus, the commanded
pitch rate can be directly mapped into a commanded pitch accel-
eration. The same approach is applicable for the roll and yaw rate
commands. Thus, body rate demands are converted to accelerations,
which in turn give the control deflections needed to obtain these ac-
celerations, This is, therefore, a simple method for achieving exact
response requirements.

Longitudinal Controller

The results obtained in Fig. 1 for the unaugmented aircraft model
showed a departure into spin regimes and much static instability at
the extremes of the incidence range. The control law is designed
iteratively, beginning with an initial longitudinal controller in the
pitch axis only. A schematic of the longitudinal controller is shown
in Fig. 3.

The input to the control system is a longitudinal stick, which
generates a pitch rate demand to achieve a commanded angle of
attack. The NDI method calculates the elevator deflection required
to achieve this command using the formulas in Egs. (9) and (11).
The steady states of the augmented aircraft model are calculated
as a function of varying longitudinal stick input, but the bifurca-
tion diagrams are again plotted with the elevator on the x axis.
This enables a simple comparison between the bifurcation results
of the unaugmented and the augmented aircraft models and is valid
because the stick input variation effects an elevator deflection. An
additional diagram is included to show this stick shaping relation-
ship between the longitudinal stick input and the effected elevator
deflection.

The steady-state solutions for the augmented aircraft model with
the lateral control surfaces again set to zero are in Fig. 4. Compar-
ing Figs. 2 and 4, it is apparent that the values of the steady-state
solutions have not been altered by the longitudinal controller. The
main effect has been to improve the stability of the aircraft model in
the higher angle-of-attack regions and for the lower negative angle-
of-attack region.

That the steady-state equilibria are unaltered is an important result
when considering piloted simulation investigation of spin charac-
teristics using bifurcation results for modern fighter aircraft that
are statically unstable in pitch. It is difficult for a pilot to perform a
pitchup maneuver in a controlled manner to the high-angle-of-attack
spin regions for airframes that are statically unstable in pitch. The
implementation of a complex control law may introduce additional
dynamics to the system, thus, altering the bifurcation plot. The use
of a simple NDI control law, which does not introduce additional
dynamics and retains the open-loop steady states, allows a pilot to
reach spin regimes in a controlled manner, upon which the NDI con-
trol law can be switched off, and the spin investigated. More detail
can be found in Ref. 24.

The longitudinal controller has not satisfied the original design
specifications of stabilizing the region to prevent departures to un-
stable, coupled spin regimes. To do this the lateral controls must
be used to counteract the lateral aerodynamic forces and moments
produced at the higher angles of attack.
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Longitudinal and Lateral Controller

To effect the lateral control surfaces to remove the longitudi-
nal/lateral coupling for high-incidence angle a lateral NDI controller
is implemented, with the longitudinal controller remaining the same.
A schematic of the longitudinal and lateral controller is shown in
Fig. 5. The NDI controller block contains individual NDI control
blocks for the roll, pitch, and yaw axes. The inputs to the roll and yaw
axes controllers are zero demands for sideslip angle, roll rate, and
yaw rate. The yaw axis NDI block generates a rudder demand, but the
roll axis NDI block generates both aileron and differential elevator
demands. These demands are calculated using a ratio of the rolling
moments produced due to the aileron and the differential elevator,

_ {Lg| N
§s = [——[L51+|Lﬁ|]((pd Ps) I, +§,,)

i =[————'L“ ]((p - ')”‘—"+-)
d 1L5|+|Lﬁ| d Ps Lﬁ N«

The steady-state bifurcation results for the HHIRM augmented
with an NDI controller for both the longitudinal and lateral planes
are shown in Fig. 6. The corresponding control surface deflections
are shown in Fig. 7. Again the varying parameter is longitudinal stick
input, but the elevator is plotted on the x axis for ease of comparison
with Figs. 2 and 4.

The results in Fig. 6 show how the stable region has been extended
up to o = 42 deg. The lateral states remain at zero up to this point, as

(12)
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Fig. 6 Steady states for augmented aircraft model (longltudmal and
lateral controller): ===, stable, and - - - -, unstable.
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Fig.7 Controlsurface deflections (longitudinal and lateral controfler):
=, stable, and - - - -, unstable.

demanded by the inputs to the lateral controller. Above & = 42 deg,
the aircraft model becomes unstable, and small amounts of lateral
dynamics are beginning to couple into the longitudinal motion. In
comparison to Fig. 2, it can be seen that the stable branch for =26 <
o < 26 deg has joined the previously unstable branch beginning at
a = 38 deg, so that the entire spinning region has been avoided.
Also, the previously unstable region for negative angles of attack
has been stabilized.

These results can also be interpreted from the control deflections
inFig. 7. Intherange —26 < a < 26 deg, there are no lateral control
deflections because there is no lateral coupling. Above o = 26 deg,
there is aerodynamic coupling in the aircraft model, and the rudder
and aileron are deflected by the NDI controller to remove these
effects. At o &~ 32 deg, the differential elevator begins to be also
used for additional roll control. At o = 42 deg, the rudder saturates
in both the maximum and minimum directions, there is no more
control power available to remove the coupling, and the aircraft
model goes unstable. No further pitching up is available because the
differential elevator deflection for roll control leads the symmetric
elevator to saturate.

The control law, therefore, has achieved the design specifica-
tions of removing the instabilities at which the aircraft is prone
to depart into a spin. The stable, decoupled flight region is now
—30 < a < 42 deg, an extension of 16 deg more incidence achiev-
able in controlled flight. The results also give an indication of where
to impose angle-of-attack limiting, so that the aircraft can operate in
the stable region, without going unstable. An angle-of-attack limit
of o = 40 deg was imposed, and the steady states of the augmented
model were again calculated. The results in Fig. 8 clearly show
that the aircraft model remains stable for the full incidence range
—30 < «a < 40 deg. The plot for elevator deflection against longitu-
dinal stick variation shows how the aircraft model remains stable at
a constant steady-state condition for increased longitudinal stick de-
flection beyond that which results in the maximum incidence being
achieved.

The results also demonstrate how NDI works in achieving the
commanded input by effecting the lateral controls to remove un-
wanted coupling. This also highlights an important result on the
stability of NDI. This analysis has shown that, up to the limits of
control surface effectiveness, NDI provides global stability to the
system being controlled. Note that global stability is defined here
in the sense that the closed-loop aircraft model is stable for slowly
varying control demand, not in the sense of robustness to exter-
nal disturbances or an abrupt change in control demand that may
cause the aircraft to depart to regions not connected to the main trim
branch. Again, time simulation is not presented due to the adequacy
of the results in demonstrating the use of bifurcation analysis as an
aid for control law design.

40
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o

I
n
(=]

0
elevator (deg)

0.05 AR “ ...............

p (deg/s)

-0035 6 20 %o

0
elevator (deg) elevator (deg)

20

0 o
elevator (deg) elevator (deg)

Fig. 8 Steady states of augmented modél with incidence limit (longi-
tudinal and lateral controller): ===, stable, and - - - -, unstable,
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Conclusions

This work demonstrates the use of bifurcation analysis techniques
as an aid to iterative control law design and subsequent validation.
As has been extensively researched, bifurcation analysis is a power-
ful method for investigating the characteristics of complex aircraft
models, both with and without control systems. Here, the analysis
results have been used to specify control law requirements, such as
stabilization and the removal of departures into spin regions. The
use of a nonlinear control law design method has retained the non-
linearity of the entire process, without using linear techniques that
may be valid for only a small region around the design point. The
analysis of the augmented aircraft model demonstrates the use of
bifurcation analysis for validating the control law and for indicating
the necessity for any modification of the design. The extension of
the stable controlled flight region by 16-deg incidence from o = 26
to o = 42 deg demonstrates the global stabilization properties of
the NDI control law design method.
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